We look for all weak bases that lead to texture zeroes in the quark mass matrices and contain a minimal number of parameters in the framework of the standard model. Since there are ten physical observables, namely, six nonvanishing quark masses, three mixing angles and one CP phase, the maximum number of texture zeroes in both quark sectors is altogether nine. The nine zero entries can only be distributed between the up-and down-quark sectors in matrix pairs with six and three texture zeroes or five and four texture zeroes. In the weak basis where a quark mass matrix is nonsingular and has six zeroes in one sector, we find that there are 54 matrices with three zeroes in the other sector, obtainable through right-handed weak basis transformations. It is also found that all pairs composed of a nonsingular matrix with five zeroes and a nonsingular and nondecoupled matrix with four zeroes simply correspond to a weak basis choice. Without any further assumptions, none of these pairs of up-and down-quark mass matrices has physical content. It is shown that all non-weak-basis pairs of quark mass matrices that contain nine zeroes are not compatible with current experimental data. The particular case of the so-called nearest-neighbour-interaction pattern is also discussed.
Introduction
In the absence of a convincing theory to resolve the flavour puzzle in the standard model (SM), several approaches have been investigated. Among them, the systematic search for texture zeros in the mass matrices [1] has been quite popular, since such patterns usually contain less free parameters and, in some cases, they lead to relations between the flavour mixing angles and mass ratios that could be testable. From the theoretical point of view, such texture zeroes have also been motivated by the introduction of symmetries in the Lagrangian [2, 3] .
A common difficulty in the search for experimentally viable quark mass matrices with texture zeros is the fact that some of these zeroes may not have physical content. Indeed, starting from arbitrary fermion mass matrices, certain matrix elements can be set to zero by making appropriate transformations that leave the gauge currents flavour
Email addresses: david.costa@tecnico.ulisboa.pt (David Emmanuel-Costa), ricardo.felipe@tecnico.ulisboa.pt (Ricardo González Felipe) diagonal and real [4] [5] [6] -the so-called weak basis (WB) transformations. These zeroes are usually referred to as WB zeroes. Two sets of quark mass matrices related by a WB transformation obviously have the same physical content.
In view of the freedom in the WB choice, it is then important to distinguish between physical and unphysical zeroes. In the SM, the flavour structure of the Yukawa sector is not constrained by the gauge symmetry. The quark mass matrices are 3 × 3 arbitrary complex matrices with altogether 36 free real parameters. This number is to be compared to the ten physical parameters corresponding to six nonvanishing quark masses plus three mixing angles and one CP phase in the standard parametrisation of the Cabibbo-Kobayashi-Maskawa (CKM) matrix. Since a pair of quark mass matrices with more than nine zeroes (distributed between them) necessarily contains less than 10 independent real parameters, the maximum number of texture zeroes that could be obtained through WB transformations in both quark sectors is altogether nine. There are only two ways to distribute these zeroes between the up-and down-quark mass matrices, namely, in pairs with six and three texture zeroes or with five and four texture zeroes. 1 In this work, we will analyse systematically the physical content of quark texture zeros within the SM framework. We look for all weak bases that lead to texture zeroes in the quark mass matrices and contain at most nine vanishing matrix elements. After revising some general concepts related to WB transformations in Section 2, we consider in Section 3 all possible right-handed rotations in order to obtain the maximal number of zeroes that can be set in a given quark mass matrix. Starting from the WB in which one quark sector is diagonal, we show that it is always possible to construct, by means of right-handed rotations, quark mass matrices in the other sector that have three zeroes. In Section 4, we then look for WB lefthanded rotations, which, after being applied simultaneously in both quark sectors, and combined with additional right-handed rotations and permutations, lead to pairs of quark mass matrices with five and four WB texture zeroes. Clearly, none of these pairs of up-and down-quark mass matrices has physical content. The particular case of the so-called nearest-neighbour-interaction (NNI) pattern is also discussed in this context. Quark mass matrices that contain the maximal number of texture zeroes, without being a WB choice, are confronted with current experimental data in Section 5. Finally, our conclusions are given in Section 6.
General concepts
In the context of the SM, the quark mass matrices M u and M d encode a large redundancy. This can be understood by the freedom one has to perform WB transformations in the up-quark fields u L,R and down-quark fields
where W L , W u R and W d R are arbitrary unitary matrices. With such transformations, the gauge currents remain flavour diagonal and real, but the matrices M u and M d change as follows: 
or
in terms of the quark masses m q , q = u, d, s, c, b, t, and the unitary CKM mixing matrix V.
There is still the freedom to rephase the non-diagonal mass matrix elements in Eq. (3b) or (4a) through unitary transformations of the type
where a = u or d, and the matrix K is unitary and diagonal. Such transformations can also be seen as a rephasing of the CKM matrix V. In this new WB, M a remains Hermitian and there is only one independent rephasing invariant phase, defined as
This phase is directly related to the well-known CP-odd WB invariant that controls CP violation in the quark sector. Indeed, this invariant can be written as 2
Note also that the imaginary part of the product of matrix elements (M a ) 12 We conclude that in the WB where one quark mass matrix is diagonal and the other one is Hermitian, there are only ten independent parameters, namely three quark masses from the diagonal sector plus six moduli |(M a ) i j | and one rephasing invariant phase ϕ a arising from the matrix M a . This is the simplest WB in which the quark mass matrices M u and M d are directly written in terms of the 10 physical observables.
One may wonder whether there exist other weak bases as economical as the one previously discussed, i.e., with just ten independent real parameters. An obvious possibility is to relax the Hermiticity condition and impose the vanishing of some matrix elements (texture zeroes). In this case, the elements of one of the mass matrices, let us say M, can be rephased through transformations of the type
where K and K ′ are diagonal unitary matrices. Since these transformations leave invariant any quartet combination M i j M kl M * il M * k j , the above transformation does not allow to remove simultaneously all the phases of the matrix elements belonging to the same quartet. Thus, given a pair of arbitrary 3 × 3 complex matrices M u and M d , we can always remove five phases from one matrix, provided that any four of these phases do not belong to elements of a quartet. There is still freedom to rephase away three phases at any position in the second matrix.
Since the number of physical parameters is ten, from the above analysis we conclude that the maximum number of zeroes that a weak basis can have is (36− 8− 10)/2 = 9. Therefore, starting from a WB where one of quark mass matrices is diagonal and real, and the other one is an arbitrary complex matrix M, the maximal number of texture zeroes that could be obtained through WB transformations is three. Remarkably, the three zeroes can be achieved by means of RhWBTs, as shown in the next section.
In Table 1 , we enumerate all possible zero textures for a given quark mass matrix M containing up to 6 zeroes. The textures are classified according to their determinant, the possibility of having a decoupled sector or the vanishing of an off-diagonal element in the matrix H ≡ M M † . We note that a null row in the matrix M necessarily leads to a zero diagonal entry in H, and vice-versa. Therefore, for a nonsingular mass matrix, one can distinguish four cases in the classification of the matrix M in terms of its matrix H: H has no zeroes, H 12 = 0, H 13 = 0, and H 23 = 0. Furthermore, these classes are independent from the viewpoint of RhWBT because the latter do not alter the matrix H.
By now it should be clear that having 10 zeroes distributed in M u and M d does not correspond to a WB choice. In other words, such patterns are necessarily ansätze, since there are 9 real parameters in M u and M d to fit the 10 physical parameters. There are only two types of potentially viable textures with 10 zeroes, namely, five zeroes in each quark sector or four zeroes in one sector and six zeroes in the other. Having five zeroes in each quark mass matrix would lead to a decoupled generation in each quark sector and therefore no CP violation phenomena could be accommodated. In the case of four-zero mass matrices, two classes can be distinguished: a matrix in which one quartet persists with nonvanishing elements, implying a null column or row in the corresponding quark mass matrix, or a matrix where all phases can be rephased away, meaning that CP is conserved in the quark sector.
One then concludes that nine zeroes is not only the maximum amount of zeroes attainable through WB transformations, but it is also the maximum number of viable texture zeroes for a given quark mass matrix pair M u and M d . We emphasise that this conclusion is general, independently of the origin of the texture zeroes.
Right-handed weak basis transformations
Our first goal is to obtain the maximal number of zeroes in an arbitrary quark mass matrix by applying only RhWBT. Since such transformations can be applied individually to each quark sector, we can start our analysis from a general 3 × 3 complex mass matrix
where x stands for a nonvanishing element. From the mathematical point of view, a unitary matrix is a composition of the rotation matrices O i j (θ), defined as 
# zeroes # textures det
combined with arbitrary phase diagonal matrices. Other useful WB transformations that can be invoked are permutations, which however do not change the number of zeroes. The six permutation matrices are
Obtaining the first zero is trivial, one just needs a single rotation. For instance, in order to have a zero element at the position (1, 1) of M, we apply the transformation
Choosing tan θ = |M 11 |/|M 12 | and ϕ = arg(M 11 M * 12 ) the desired zero at position (1, 1) is obtained,
Following a similar procedure, and using a suitable righthanded rotation, one can conclude that any element of the mass matrix M can be enforced to be zero. The next question to address is whether a second zero can be obtained in the matrix M ′ . Adding a new zero in a different column is straightforward; we simply apply a new right-handed rotation to M ′ in the sector that does not involve the zero element of this matrix. Consider, for instance, the matrix in Eq. (14). Acting with O 23 (θ) on the right of this matrix, in combination with the appropriate diagonal phase matrix K ′ ,
a new zero can be created at any matrix element of the second and third columns of M ′′ . One may also ask whether it is possible to have simultaneously two zeroes in the same column by means of right-handed unitary transformations. In order to see that this is indeed the case, let us start with a matrix M ′′ , obtained via Eq. (15), where the second zero is at the position (2, 2), i.e.,
First we note that, without loss of generality, the matrix elements M ′′ 12 , M ′′ 13 , M ′′ 21 , and M ′′ 23 can be assumed real, since they do not form a quartet. Now we perform the following right-handed unitary transformations:
so that the matrix elements
vanish, i.e., M ′′ 11 = M ′′ 21 = 0. The solutions of these equations are then 
leading to the desired pattern
We conclude that there are 36 textures with two zeroes, which are all equivalent in the sense that they can be obtained by means of right-handed unitary transformations. Let us now consider the possibility of adding a third zero through a RhWBT. There exist 84 textures with three zeroes. Out of them, 6 matrices have determinant zero (a null row or a null column). The remaining 78 nonsingular matrices are distributed in four classes, depending on the texture of the hermitian matrix H = M M † . There are 60 matrices for which H has no zeroes, 6 matrices with H 12 = 0, 6 matrices with H 13 = 0, and 6 matrices with H 23 = 0. In the latter three classes, matrices within the same class are equivalent under RhWBT. From the class with nonvanishing H, two subclasses can be distinguished. The first subclass includes 6 matrices, namely, the matrix with null diagonal and those obtained by its column permutations, which by themselves are not WB bases. On the other hand, the 54 matrices of the second subclass (see Table 2 ) are all RhWB equivalent. The remaining 24 nonsingular mass matrices with three zeros, classified according to the classes of the corresponding matrix H, cannot be obtained by means of RhWBT. These matrices are listed in Table 3 .
Constructing a third WB zero is then an easy task. Starting from a matrix with two WB zeros in the same column, we apply a new right-handed rotation to this matrix in a sector that does not involve the column with zeros. For instance, starting from the matrix in Eq. (20) and applying a rotation O 23 (θ) on the right of this matrix, the Class Textures
third zero can be created at any matrix element of the second and third columns of M ′′ . Following this procedure, the 54 matrices given in Table 2 can be obtained.
As an example, let us construct the first matrix in the third row of Table 2 
Before concluding this section, let us comment on the mass matrix patterns with more than three zeros (see also Table 1 ). There are a total of 126 matrices with four zeroes and none of them can be obtained through a RhWBT. Out of them 45 have vanishing determinant and 9 matrices have a decoupled sector. The remaining 72 nonsingular matrices are distributed in four classes, depending on the texture of H: H has no zeroes (18 matrices), H 12 = 0 (18 matrices), H 13 = 0 (18 matrices), and H 23 = 0 (18 matrices). Similarly, there are a total of 126 matrices with five zeroes and none of them can be obtained through a RhWBT. Out of them 90 have vanishing determinant and the remaining 36 matrices have a decoupled sector. Finally, there exist 84 matrices with six zeroes: 78 have vanishing determinant and the remaining 6 have a decoupled sector. These matrices cannot be obtained through RhWBT.
General weak basis transformations
Next we consider the possibility of applying general WB transformations in order to obtain other WB pairs of quark mass matrices with the maximal number of texture zeroes. In particular, we shall look for left-handed and right-handed rotations, which, after being applied to the quark mass matrices, lead to pairs with five and four WB texture zeroes.
Let us start from a WB where the up-quark mass matrix has six zeroes (it could be the diagonal matrix or any of its row and column permutations). As shown in the previous section, through right-handed rotations we can obtain 54 down-quark mass matrices with three zeroes. Clearly, this set of mass matrix pairs M u , M d are all WB equivalent and thus do not have physical content. Examining the textures in Table 2 , one concludes that all matrices have only one quartet without vanishing elements, which is directly related to the CP-odd WB invariant as
where i, j, k and l are the indices of the quartet elements. Using any of these bases, it is easy to construct a new WB basis in which the matrix M u has 5 zeroes and M d has 4 zeroes (or vice versa). In other to accomplish this, one 6 first observes that M d has necessarily one column with two zeroes (see Table 2 ). One can then multiply both quark mass matrices by a single left-handed rotation that maintains intact the three zeroes in M d and creates the fourth zero. This is only possible when the third zero in M d is not horizontally aligned with one of the two zeroes in the same column. As can be seen from Table 2 , there are only 18 possibilities. Once the left-handed rotation is performed, the matrix M u becomes decoupled (i.e., with two zeroes in one column and two zeroes in one row). One can then perform a right-handed rotation on M u that maintains the two zeroes in the row and simultaneously adds the desired fifth zero. Notice that there is still freedom to apply permutation matrices on the right and on the left of both quark mass matrices (provided that the same left-handed permutation is applied in both sectors) in order to change the positions of the zeroes and generate new pairs of textures. Furthermore, in some special cases, it is also possible to change the positions of certain zeros by applying only right-handed rotations. Through these paths, we end up with 2592 different pairs of nonsingular mass matrices M u and M d that contain five and four zeroes, respectively. All these pairs are WB choices. The remaining 324 pairs have necessarily a decoupled downquark sector and, therefore, are neither weak bases nor viable ansätze.
In order to illustrate the above procedure, next we consider the well-known NNI quark texture [7] [8] [9] [10] , described by the pattern
More precisely, we construct WB pairs with M u and M d having the NNI form with five and four zeroes, respectively. Such pairs contain only 10 parameters (to be compared with the usual 12-parameter NNI form with 4 zeroes in each quark sector [7] ). Notice that the fifth zero in M u can only be located in the matrix elements (2, 3) and (3, 2); otherwise, the NNI form would have a null determinant [8, 9] . Let us start, for instance, from the weak basis in which the up-quark mass matrix is real diagonal and the downquark mass matrix has the form given in Eq. (22), i.e.,
Without loss of generality, we assume (M d ) 22 to be complex, while the remaining matrix elements in M d are real.
We then apply the following WBT:
where
Once the above WBT are carried out, we obtain the zero textures
which is precisely an NNI WB pair with an additional zero at the position (2,3) of M u .
Let us now construct a second NNI pair in such a way that the additional zero is at the position (3,2) of M u . First we remark that, in the process of constructing the matrix pair (28), only the elements (M ′ d ) 12 and (M ′ d ) 32 become complex. Acting on this pair, it is now possible to perform the following set of WBT
where 32 , and
Once this is done, the new NNI pair
is obtained. As in the case of Eq. (28), this WB pair contains less parameters than the usual NNI case with 4 zeroes in each quark sector.
Numerical analysis
In the previous sections, we have shown that in the basis where one quark mass matrix is diagonal, there are Inputs [12] m u (2 GeV) = 2. M t = 174.6 ± 1.9 GeV 54 three-zero textures in the other quark sector that simply correspond to WB choices and thus are all equivalent. This remarkable fact has been overlooked in previous works. For instance, in Ref. [11] , in the framework of the so-called Occam's razor approach, three zeros in the matrix M d were imposed, assuming M u diagonal. Among the textures considered by the authors, the ones that are consistent with the experimental data precisely belong to the set of matrices listed in Table 2 . Clearly, these WB pairs of matrices can always reproduce the ten physical observables and, without any further assumptions, they do not lead to physical predictions. Therefore, it is not surprising that the Cabibbo angle, as well as other CKM mixing angles and the CP-violating phase, are successfully predicted by such quark mass matrices.
Let us now analyse the 24 quark mass matrices listed in Table 3 . These matrices cannot be obtained through WB transformations. Assuming that M u (or M d ) is diagonal, one may then ask whether these three-zero textures are compatible with current experimental data. To test these ansätze, we shall employ in our numerical analysis a standard χ 2 minimisation with respect to the ten observable quantities. The CKM parameters used in our analysis are the real quantities λ, A, ρ and η, defined in terms of rephasing invariant quantities as [12] 
where V i j are the usual CKM matrix elements. The quark masses at the electroweak scale are obtained using the in- put parameters given in Table 4 and applying the QCD renormalisation group equations at four-loop level. The best-fit values of the physical observables and their 1σ errors are given in Table 5 . We have performed a χ 2 -analysis using the standard definition of the χ 2 -function in terms of the observable values and their deviations from the mean values. The results are presented in Table 6 . As can be seen from the table, none of the 24 pairs of textures is compatible with the experimental data. For the last three classes in the table, this result should not come as a surprise. Indeed, all these sets conserve the CP symmetry.
Conclusions
In this work, we have searched for all weak bases that lead to texture zeroes in the quark mass matrices and contain a minimal number of parameters. We have shown that the maximum number of texture zeroes than can be obtained through WB transformations in both quark sectors is altogether nine. In fact, this number also corresponds to the maximum number of viable texture zeroes for a given quark mass matrix pair M u and M d . In other words, there is no mass matrix combination with ten or more zeroes that is compatible with the experimental data. This conclusion is independent of the origin of the texture zeroes.
Clearly, any WB pair of quark mass matrices can explain the ten physical observables (i.e., six nonvanishing quark masses, three mixing angles and one CP-violating phase), since these sets by themselves do not have physical implications. The nine zero entries can only be distributed between the up-and down-quark sectors in matrix pairs with six and three texture zeroes, or five and four texture zeroes. We have found that in the WB where a quark mass matrix is nonsingular and has six zeroes in one sector, there are 54 matrices with three zeroes in the other sector that can be obtained applying only right-handed WB transformations. We have also revealed that all pairs composed of a nonsingular matrix with five zeroes and a nonsingular and nondecoupled matrix with four zeroes simply correspond to WB choices. Once again, none of these pairs of quark mass matrices has physical content. We have also shown how to construct the well-known NNI WB patterns, starting from an arbitrary weak basis.
As a final comment, it is worthwhile to remark that our analysis has been performed at the electroweak scale. Nevertheless, all the WB texture zeroes are clearly stable under renormalisation group effects, since at any given energy scale one can always perform a WB transformation in order to preserve the position of the zeroes.
